We perform an analysis of general quark mass matrices in the general nearest neighbor interaction form. Excellent agreement with experiment is realized with this general texture, which is neither hermitian nor realsymmetric. We then propose a new class of quark mass matrices that contain no additional parameters other than the quark masses themselves, and thus possess calculability, i.e., ensure a relationship between the six quark masses and four flavor-mixing parameters of the Standard Model.
I. INTRODUCTION
A fundamental explanation of the flavor-mixing matrix, the fermion masses and their hierarchical structure persists to be one of the most challenging and outstanding problems of particle physics today. Within the standard model (SM) the fermion masses, the three flavor-mixing angles and the CP violating phase are free parameters and no relation exists among them. However, the expectation that "low-energy" quantities which can be computed in the SM should remain finite as the masses of intermediate particles go to infinity leads us to suspect that such a relation does hold. For example, ∆M(K o s − K o L ) diverges as m t → ∞. Since the contribution of the intermediate quark is always multiplied by a flavormixing matrix element, a relation between quark masses and flavor-mixing parameters could conspire to guarantee that the contribution to the low-energy quantity always remains finite.
As an attempt to derive a relationship between the quark masses and flavor-mixing hierarchies, mass matrix ansätze based on flavor democracy with a suitable breaking so as to allow mixing between the quarks of nearest kinship via nearest neighbor interactions (NNI) was suggested about two decades ago [1] . These early attempts are the first examples of "strict calculability"; i.e., mass matrices such that all flavor-mixing parameters depend solely on, and are determined by, the quark masses. But the simple symmetric NNI texture leads to the experimentally violated inequality M top < 110 GeV, prompting consideration of a less restricted form for the mass matrices so as to still achieve calculability, yet be consistent with experiment [2] .
It was later shown that the texture structure of these early ansätze for quark mass matrices, the texture structure of the NNI mass matrices, holds in general. Branco et al. have demonstrated that if one does not impose the assumption of hermiticity, then the NNI texture structure contains no physical assumptions [3] . For three fermion generations, one may consider without loss of generality quark mass matrices of the NNI form. This texture structure serves as the general starting point from which additional constraints on the mass matrix elements can be imposed in order to achieve calculability.
In this paper we analyze general quark mass matrices in a modified NNI form to be described in the next section. This form is free from physical content, as it corresponds to a particular choice of weak basis in the right-handed chiral quark sector. We perform a numerical fit to the most recent measurement of the Cabibbo-Kobayashi-Maskawa (CKM) matrix, V CKM . The results are in excellent agreement with the observables. Finally, we propose a new mass matrix ansätze based on our numerical results, to ensure some relation among the six quark mass masses and the four observable flavor-mixing parameters, thus reducing the number of free parameters in the SM.
Our paper is organized as follows. In Section II we review the NNI form of mass matrices, pointing out a subtlety that has been overlooked in previous works. In Section III, we present the quark mass matrices to be analyzed as well as the resulting flavor-mixing matrix. We present the observables used in our fitting procedure as well as the resultant unitary triangle (UT) parameters. Guided by the numerics of the general case, we postulate quark mass matrices that ensure calculability.
II. GENERAL NNI MASS MATRICES
In a given generic gauge theory, flavor eigenstates do not necessarily coincide with the mass eigenstates which can be written in terms of combinations of flavor eigenstates. The mass matrix in a given electric charge charge sector is not necessarily diagonal in flavor space and involves the coupling between the left-handed and right-handed chiral states of different flavor. It can be shown that in the SM with three generations of fermions, one may perform a biunitary transformation of the quark mass matrices that leaves both the quark mass spectrum and the flavor-mixing parameters unchanged, where the new mass matrices in both the up-type and down-type quark sectors are of the NNI form and are in general neither hermitian nor symmetric [3] . We stress that this form is merely the consequence of choosing a particularly convenient weak basis that allows us to eliminate some of the redundant free parameters of the SM and has no physical consequences.
Starting from initial completely general complex matrices M ′ (u,d) , a necessary condition for this biunitary transformation to yield the NNI form is the existence of a solution to the eigenvalue equation
where k is initially assumed to be an arbitrary complex constant. The NNI mass matrices are then given by
A 23 e
where explicit forms for U and V (u,d) , corresponding to the left-handed and right-handed chiral quark rotations, respectively, are given in [3] . Note that U, the left-handed chiral quark rotation matrix, is common to both the up and down quark sectors. It is the freedom of performing an unitary transformation on the triplet of right-handed quark fields in both the up and down quark sectors, i.e. the freedom associated with the V (u,d) , without affecting the quark masses or the flavor-mixing parameters, that enables this texture structure to be possible while still remaining completely general. We can rewrite Eq. (1) for arbitrary complex k as
The first equation exhibits the functional dependence of λ on k and provides no restriction on k. It may appear that when choosing a weak-basis that gives NNI forms for the quark mass matrices, one has two arbitrary degrees of freedom corresponding to k real and k imag . But in fact this two-fold degree of freedom does not exist; k must be either purely real or purely imaginary.
For both k real and k imag nonzero, we arrive at the inconsistency tan(β) = − cot(β). Inspection of Eq. (1) shows that if k is purely real, we are guaranteed a solution to (1) because the operator on the left hand side is Hermitian and has three linearly independent eigenvectors. However, this guarantee does not hold if k is purely imaginary. Therefore, we arrive at the condition k is purely real, which results in α = β. Thus the number of parameters in our flavor-mixing matrix is reduced to eleven from twelve.
The above mass matrices with their texture structure and the relationship α = β are the most general ones that exhibit the NNI texture and have the fewest number of independent parameters. At this stage no physical inputs have been introduced, and the resulting flavormixing matrix has five more parameters than are necessary to acheive strict calculability.
III. FLAVOR-MIXING MATRIX AND NUMERICAL FIT TO OBSERVABLES
We use the rephasing freedom of the quark-fields to minimize the number of parameters entering into the quark flavor-mixing matrix. We can re-write Eq. (2)
with an analogous expression for M d , and where θ
The flavor-mixing matrix is written in terms of the unitary matrices
From the above expressions for M u,d , we see that
BecauseM uMu T is a real symmetric matrix, it can be diagonalized by a real orthogonal matrix R u :
The flavor-mixing matrix can then be expressed as
where the v u,c,t are the normalized eigenvectors ofM uMu † with eigenvalues m [4] [5] [6] . Note that only this single phase
enters the flavor-mixing matrix and is responsible for CP violation. Thus, it is sufficient for only one of the four non-vanishing elements coming from the second columns of M u and M d to be complex in order to provide a general parametrization of flavor-mixing and CP violation. For example, one may choose θ 1 to be non-zero while all other phases vanish. At this stage, the mass matrices contain eleven independent parameters.
We must specify the energy scale at which we are evaluating the mass matrices. We use the light quark masses [7, 8] The single phase θ that minimizes χ 2 tot is -0.716 ± 0.0989 radians. The above parameters also make predictions concerning the mixing of the top quark as follows: is slightly higher than that predicted in [10, 11] .
The numerically determined mass matricesM u ,M d from above display some interesting properties worth noting at this point. One can immediately see that they are far from being symmetric, as |A 12 | differs markedly in magnitude from |A 21 |, etc. Of particular interest is the difference between the up and down quark sectors vis-a-vis the 3-3 element. Historically, mass matrix ansätze previously proposed in the spirit of calculability have written the 3-3 element as a small pertubation about |m t,b |; i.e. as |m 3 − ǫ|, where epsilon is some small parameter. Inspection of the above parameters shows that this description works fairly well for the down sector, but is not at all applicable to the up quark sector. In the up quark sector, it is the magnitude of the 3-2 element that differs only slightly from m 3 = m t . This numerical result and observed structure is a consequence of the top quark being so heavy.
Using just the central values of the quark masses at the 1 GeV scale, the absolute values of the elements of the flavor-mixing matrix elements are: To impose unitarity we need to go through one additional step after varying our input parameters and fitting to the above experimental values. In our flavor-mixing matrix, we have in the matrices Although unitary, our derived flavor-mixing matrix contains unphysical phases that must be removed in order to perform an unitary triangle analysis. After finding the mass matrices parameters that yield the minimum χ 2 , we put the flavor-mixing matrix into the standard CKM representation advocated by the Particle Data Group and then into an improved Wolfenstein parametrization from which we find the unitary triangle.
The improved Wolfenstein parametrization can be obtained from the standard CKM representation with the following identifications [9, 12] :
with modified Wolfenstein parameters
With the above parameter values and using the true numerical eigenvalues of the resulting
, we arrive at the following values for the flavor-mixing parameters: J is the Jarlskog invariant [13, 5] , a rephasing invariant of the mixing matrix, and is given in the standard representation of the quark flavor-mixing matrix as J = s 12 s 13 s 23 c 12 c , and similarly for the down quark sector. Choosing A 12 and A 12 to be the as yet undetermined parameters in the up-quark mass matrix, and using the branch information revealed by Table  1 , one easily verifies the following relations:
, where
and c ≡ A t . Similarly, for the down-quark sector, choosing B 12 and B 21 to be the parameters as yet undetermined by the invariance relations, one finds the following equalities:
21
and e ≡ B 2 12 (m
Using the above mass matrices with their associated five total degrees of freedom corresponding to A 12 , A 21 , B 12 , B 21 and θ, and the six experimental values of |V CKM | observables as before, we obtain Table 3 , with a χ 2 tot of 2.182. This χ 2 tot is not nearly as good as in the previous case, but the simple explanation for this apparent decline in numerical confidence is just a reflection of the slight discrepancy between unitarity and the present experimental values. In the previous case, the flavor-mixing matrix could deviate from unitarity to satisfy the experimental constraints; i.e., |V cs | having a central value that in itself violates unitarity did not do violence to the minimization of χ 2 tot because the requirements of unitarity were not automatically satisfied. In the current situation, unitarity is automatically imposed, and so the increase in χ 2 tot is to be expected. The predicted |V CKM | all lie within the ranges preferred by the Particle Data Group analysis, and as such, any set of parameters that fulfill this requirement of agreement with the ranges listed therein is deemed "acceptable", regardless of χ 2 tot values. Implicit in this prejudicial "acceptance" is the belief that only three generations of quarks exist and that future experiments will bring the experimental values into closer agreement with the constraints imposed by unitarity. 48.797 ± .0433 θ −0.67806 ± .009657
In addition, the standard representation parameters as well as the Wolfenstein parameters and Jarlskog invariant J are predicted to be: Table 4 Parameter Value Parameter Value θ 13 3.146249 × 10 Because the mass matrices squared have the correct eigenvalues, the free-parameters A 12 , A 21 , B 12 , B 21 and θ represent the general parametrisation at the fundamental mass matrices in general. To realize calculability, it is not enough to simply postulate some relation among this set of parameters independent of the quark masses, as such a relation would only serve to relate the flavor-mixing parameters among themselves, and not provide the sought after relation between quark masses and flavor-mixing parameters.
IV. MAKING NEW MASS MATRIX ANSÄTZE
The above mass matrices are completely general; to achieve calculability we must find expressions for A 12 , A 21 , B 12 , B 21 and θ in terms of the m i . Guided by the parameter values in Tables 1 and 3 , we postulate the following mass matrices in terms of the m i : . We know that for only two quark generations there is no CP violating phase in the mixing matrix, so it is natural to expect, within the framework of calculability, that θ will involve ratios of elements in the mass matrices that only involve the mixings of the third generation quarks. With these postulates forM u ,M d and θ, V f −m is found from Eqns. (6) (7) (8) (9) . This constitutes a new mass matrix ansatz that provides a calculable model of flavor-mixing and is in excellent agreement with the latest experimental results.
This new ansatz predicts the following absolute values for |V CKM |: The flavor-mixing observables predicted from this calculability ansatz in Table 5 are in excellent agreement with the general result of Table 2 .
The above mass matrices with their calculability property as well as the low χ 2 tot are very compelling arguments in favor of calculability in the quark sector, but naturally one would like to uncover at least a glimpse of the more fundamental theory beyond the SM that is the source of this calculability. When one considers hermitian mass matrices, considerations of family permutation symmetry and its breaking in successive stages are suggestive explanations of the source of calculability, whereas with general NNI texture mass matrices, even though calculability still holds, it is not readily apparent what familiy symmetry, if any, is responsible. In conclusion, we have elucidated an important point in the construction of NNI weak-eigenstate quark basis that has eluded some previous authors. We have then performed an analysis of the experimental data to determine the mass matrix parameters, and have obtained values for the flavor-mixing and UT parameters that are in excellent agreement with previous analysis [12] . Finally, we have presented a new class of calculable mass matrices that also can explain all the experimental data and predict nearly identical values for the flavor-mixing and UT parameters as in the previous case.
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